We summarize the phenomenological description of electron-deuteron deep-inelastic scattering (DIS) with detection of a nucleon in the nuclear fragmentation region, eD → e ′ + N + X ("spectator tagging"), at collision energies accessible with an Electron-Ion Collider (EIC), √ seD ∼ several 10 GeV. This includes (a) the kinematic variables, differential cross section, conditional structure functions, and phase space elements; (b) a cross section model based on the light-front impulse approximation and an analytic parametrization of the deuteron wave function; (c) counting rate estimates for simulations of cross section measurements and on-shell extrapolation in the recoil nucleon momentum; (d) a FORTRAN 77 code package for computing the cross section and performing counting rate
High-energy electron-deuteron scattering with detection of a nucleon (proton, neutron) in the nuclear fragmentation region has unique potential as a method for nuclear and hadronic physics and is an essential part of the physics program of a future Electron-Ion Collider (EIC). The detection of the outgoing nucleon ("spectator tagging") identifies the active nucleon and controls its quantum state during the scattering process, greatly improving the precision and control compared to inclusive measurements. Applications include:
• Precision measurements of the neutron's deep-inelastic structure functions, by tagging the recoil proton at low momenta ≪ 100 MeV (deuteron rest frame) and extrapolating to the neutron on-shell point;
• Controlled measurements of the nuclear modification of the free nucleon's structure functions, by tagging recoil protons or neutrons at higher momenta > 100 MeV (rest frame);
• Novel studies of coherent nuclear phenomena at small x, by observing the effects of nuclear shadowing on the recoil momentum dependence.
The method can be extended to collisions of polarized electrons and deuterons. Polarized high-energy deuteron beams become available with the JLab medium-energy EIC design. The beam and detector requirements for spectator tagging with an EIC are summarized in Ref. [1] .
In this note we summarize the phenomenological description of unpolarized electron-deuteron deep-inelastic scattering (DIS) with spectator tagging, eD → e ′ + N + X, at center-of-mass energies √ s eD = few 10 GeV. In Sec. II we review the kinematic variables, the conditional DIS cross section and structure functions, and the various forms of the phase space element in the recoil nucleon momentum. In Sec. III we present a cross section model based on the light-front impulse approximation and a simple analytic parametrization of the deuteron wave function. In Sec. IV we perform counting rate estimates for cross section measurements and the on-shell extrapolation in the recoil nucleon momentum. In Sec. V we describe a FORTRAN 77 code package for computing the cross section and performing rate estimates.
The document summarizes the definitions and results without derivation and is intended as a compact reference for programming and process simulations. Detailed derivations of the theoretical expressions are available elsewhere [2] . The cross section model presented here (light-front impulse approximation, analytic deuteron wave function) implements the minimal theoretical description of conditional DIS and can be used for counting rate estimates, studies of the recoil momentum dependence at low momenta and on-shell extrapolation, and as a reference point for models incorporating dynamical effects beyond the impulse approximation (final-state interaction, shadowing). It can also be extended to polarized scattering (see Sec. VI for a preliminary implementation).
II. Kinematic variables and cross section A. Kinematic variables
Inclusive electron scattering with identified nucleon in the nuclear fragmentation region (N = p, n, see Fig. 1 )
4-momenta of particles prepared in initial state/observed in final state
4-momentum transfer to the nuclear system, calculated from the initial and final electron 4-momenta
Invariants formed from electron and deuteron 4-momenta
is the scalar product)
Electron fractional energy loss, 0 < y D < 1
• The variable x D is the usual Bjorken variable for the nuclear target (0 < x D < 1) and used in kinematic formulas for the cross section, to facilitate comparison with the standard expressions for electron-proton scattering. The variable x ≡ 2x D (0 < x < 2) is used in formulas expressing nuclear structure functions in terms of singlenucleon structure.
Invariants and scaling variables formed with the recoil nucleon momentum
Invariant momentum transfer between deuteron and recoil nucleon
Scaling variable related to recoil nucleon light-cone momentum fraction in nucleus (6) 000000 111111 0 0 1 1 Nucleon mass (average of proton and neutron masses)
Deuteron binding energy and mass
• We assume charge symmetry and describe the deuteron as a bound state of two nucleons with equal mass M N , defined as the average of the proton and neutron masses. Eq. (9) gives the exact deuteron mass and is not affected by this approximation.
C. Cross section and structure functions
Differential cross section for conditional inclusive scattering Eq. ( 1) with unpolarized beams and recoil nucleon
• It is convenient to write the expression for the differential cross section as in Eqs. (10) and Eq. (19), with explicit differentials in the kinematic variables on the right-hand side: (a) integration over a given kinematic variable is performed simply by replacing the differential by the integral; (b) to estimate the cross section for scattering into a physical bin of finite size one simply replaces the differentials by the finite sizes.
• The conventional invariant phase space element of the recoil nucleon momentum is
. For ease of notation we write the cross section Eq. (10) with the reduced phase volume d 3 p R /E R and absorb the factor [2(2π) 3 ] −1 in the definition of the conditional structure functions. The reduced phase volume can be expressed simply in terms of the light-cone momentum variables in the collinear frame (see below).
Fine structure constant
Virtual photon polarization parameter
Conditional structure functions [recoil momentum variables specified in Sec. II D]
Longitudinal structure function
Cross section differential in nucleon scaling variable obtained by setting in Eq. (10)
Cross section integrated over electron azimuthal angle φ e (defined with respect to initial electron momentum direction)
• Eq. (19) is the cross section integrated, not averaged, over φ e . The phase volume factor 2π is contained in the combination dφ e /(2π) in Eq. (10) .
Invariant definition of recoil azimuthal angle
• The 4-vectors q and L form an orthogonal basis of the subspace spanned by q and the deuteron 4-momentum p D . Any 4-vector can be written as the sum of its projection on the subspace and its complement ("transverse component").
• In a frame where p D and q are collinear and along the 3-axis (see Sec. II D), the auxiliary vector L is collinear as well. In such a frame the 4-vectors Eqs. (21) and (22) have only transverse components, p RT = (0, p RT , 0), p eT = (0, p eT , 0), and the angle φ R defined by Eq. (23) is the conventional azimuthal angle of the recoil momentum with respect to the electron scattering plane.
D. Collinear frames
In the theoretical description of deuteron structure it is natural to consider the process Eq. (1) in a frame where the deuteron momentum p D and the momentum transfer q are collinear and define the 3-axis of the coordinate system. This condition does not specify a unique frame, but rather a class of frames that are related by boosts along the 3-axis ("collinear frames").
Light-cone components of deuteron momentum and q-vector
Deuteron momentum and q-vector in collinear frame
Determination of parameter ξ D
(choose solution with + sign) (28)
• The deuteron plus momentum p + D > 0 remains arbitrary and defines a particular frame in the class of collinear frames. Longitudinal boosts (along the 3-axis) can be performed simply by changing the value of p + D in the above formulas.
• With the plus sign choice in the solution for ξ D in Eq. (28) the momentum transfer vector q points in the negative 3-direction, 2q
• The collinear frames used here are equivalent to the covariant formulation of the collinear expansion in terms of light-like vectors of Ref. [3] .
• The class of collinear frames contains several special cases of interest: (a) the target rest frame, p
E. Recoil momentum variables
The collinear description of processes Eq. (1) requires us to specify the components of the recoil momentum in the collinear frame. Here we express these components in terms of invariants (see Sec. II A) and derive the kinematic limits of the recoil momentum variables.
Recoil nucleon light-cone momentum fraction and transverse momentum in collinear frame Eq. (26)
Reduced invariant momentum transfer
Recoil light-cone fraction in terms of invariants Eq. (6)
′ and α R to recoil momentum in deuteron rest frame • The transverse momentum p RT is invariant under longitudinal boosts. We therefore do not need to distinguish between its components in the rest frame or in an arbitrary collinear frame. In the above expressions p RT represents the transverse momentum in an arbitrary collinear frame.
Approximate expression for t ′ and t
• The approximate relation Eq. (39) becomes exact at t ′ = 0, which corresponds to the nucleon pole of the deuteron spectral function. It can safely be used to calculate t ′ in the region relevant for on-shell extrapolation of the conditional structure functions −t ′ < ∼ 0.1 GeV 2 .
F. Recoil momentum phase space
Reduced invariant phase space element in recoil momentum [the factor 1/[2(2π) 3 ] has been removed and is included in the definition of structure functions in Eq. (10)]
Invariant phase space element in terms of t ′ and α R [collinear frame, uses approximate relation Eq. (39)]
Kinematic limits in t ′ and α R (see Fig. 2 )
Invariant phase space element Eq. (44) integrated over dφ R and dα R
III. Cross section model A. Impulse approximation High-energy processes such as DIS probe the nucleus at fixed light-front time z + t = const. The basic method for describing nuclear structure in DIS is the impulse approximation. Its physical assumptions are: (i) The current operator is approximated by the sum of one-body nucleon currents, J = N J N ; (ii) the final state produced by the one-body nucleon current evolves independently of the nuclear remnant. In the impulse approximation the cross section for tagged DIS on the deuteron Eq. (1) is expressed as a convolution of the deuteron light-front spectral function, defined as a particular density of the deuteron light-front wave function, and the single-nucleon structure functions [4] .
Light-front wave function of deuteron (N N component, unpolarized)
Normalization, symmetry and momentum sum rule
Spectral function in impulse approximation
Conditional structure function in impulse approximation [neglecting terms (mass)
Inclusive structure function as integral over recoil momentum, and momentum sum rule
Conditional φ R -dependent structure functions in impulse approximation [leading order in p
• The light-front formulation of the impulse approximation for the deuteron preserves the symmetry between the spectator and the active nucleon, Eq. (53), which guarantees the momentum sum rule for the spectral function, Eqs. (54) and (56). This in turn ensures the momentum sum rule for the integrated structure function Eq. (62), which states that the light-cone momentum of the deuteron is entirely carried by the N N component. Other implementations of the impulse approximation such as the virtual nucleon scheme do not preserve the momentum sum rule, and thus implicitly assume the presence of non-nucleonic degrees of freedom in the deuteron.
B. Deuteron light-front wave function
The N N component of the deuteron light-front wave function is a function of the longitudinal momentum fraction α R and the transverse momentum p RT . It can be represented in spherically symmetric form by introducing the equivalent center-of-mass momentum of the N N system in its rest frame, k [4, 5] .
Conversion to spherically symmetric form 1. Consider light-front wave function with nucleon momentum α R and p RT in the deuteron rest frame;
2. Equate invariant mass of N N system, M N N , to squared energy of free N N system with center-of-mass momentum k = (k T , k 3 ) and k T = p T ;
3. Determine component k 3 as function of α R and p RT .
Invariant mass equation
Center-of-mass momentum in terms of light-cone variables
Light-cone fraction for free N N system in center-of-mass frame
Jacobian factor for integration over recoil momentum
Spherically symmetric representation of deuteron light-front wave function ("angular condition")
The spherically symmetric representation of the deuteron light-front wave function Eq. (72) makes it possible to to formulate an interpolating approximation in terms of the non-relativistic deuteron wave function in the center-ofmass frame, ψ D (k) [4] .
Approximation for deuteron light-front wave function [arguments related by the relativistic formulas Eq. (66) et seq.]
Properties of approximation Eq. (73) A) Wave functions proportional at small momenta |k| ≪ M N B) Correct overall normalization when integrating over all momenta Approximation for deuteron light-front spectral function
Spectral function at small momenta
The analysis of the tagged deuteron cross section relies essentially on the analytic properties of the deuteron lightfront wave function near the nucleon pole. In the full theory the analytic properties are guaranteed by the dynamical equation (Weinberg equation) governing the wave function. When constructing approximate wave functions one must implement the proper analytic structure explicitly. A minimal model light-front wave function with correct analytic properties is the two-pole parametrization (Hulthen model).
Two-pole approximation to the non-relativistic deuteron wave function (S wave only, no D wave) • In coordinate representation, the pole at |k| 2 = −a 2 determines the long-distance asymptotic behavior of the wave function (outside of the range of interaction, where it is governed by the nucleon mass only), while the pole −b 2 determines the typical size at intermediate distances.
• The two-pole wave function can be obtained as the exact solution of the Weinberg equation with a particular two-body potential [6] . In our context we introduce it as an approximation to the non-relativisitc deuteron wave function, from which the light-front wave function is obtained through Eq. (73). The differences between the two functions are very small. • Figure 3 compares the momentum density of the non-relativistic deuteron wave function, | ψ D (k)| 2 , in the twopole parametrization, Eq. (77), with that of the deuteron wave function obtained with the AV18 NN potential [7] . One sees that the two-pole form provides a completely adequate description of the momentum density over a wide range of momenta k < 0.3 GeV. The discrepancy at larger momenta is due to the fact that the two-pole form contains only the S-wave, while the potential model wave function includes the D-wave components, which becomes dominant at larger momenta.
• Figure 4 shows the deuteron light-front spectral function S D (α R , p RT ) obtained from the two-pole parametrization of the light-front wave function ψ D through Eq. (73).
Analytic properties of wave function Eq. (77) in reduced invariant momentum transfer t
First pole:
Second pole:
Physical region:
Analytic properties of light-front spectral function obtained from Eq. (77) [using Eqs. (73) and (55)].
• The position of the singularities Eqs. (82) and (83) implies that over a broad range of physical momentum transfers |t ′ | < ∼ 0.1 GeV 2 the wave function is effectively dominated by the nucleon pole.
IV. Counting rate estimates A. Conditional cross section
Using the cross section model we can estimate the counting rates and simulate the physics extraction from measurements of conditional DIS at collider energies √ s = few 10 GeV.
Conditional differential cross section [cf. Eq. (10)]
Recoil momentum phase space element [Eq. (44), integrated over φ R ]
Counting rate estimate in finite phase space element ["bin," integrated over
. . . Statistical error of measurement in bin (F denotes any function of the kinematic variables) Figure 5 shows a simulated measurement of the conditional cross section in collider kinematics. Shown is the cross section as a function of −t ′ , in several bins of α R .
B. On-shell extrapolation Figure 6 shows a simulated on-shell extrapolation, t ′ → 0, of the tagged deuteron structure function in collider kinematics. Shown is the measured conditional deuteron structure function F 2D with the pole factor of the spectral function extracted,
which extrapolates to the on-shell neutron structure function F 2N in the limit t ′ → 0 [8] . One sees that after extracting the pole factor the t ′ dependence is very smooth, and that one can reliably extrapolate to the on-shell point using a polynomial fit. The pseudodata are plotted in several bins of α R , which have different kinematic limits t ′ min,app , cf. Eq. (45) and Fig. 2 . By performing the extrapolation for different values of α R and comparing the results one can test the universality of the extracted structure function (note that the argument of the neutron structure function x = x/α also changes as a function of α R ). • FORTRAN 77 standard
• Real variables and parameters in DOUBLE PRECISION (REAL*8)
• Functional programs as SUBROUTINE, application programs as PROGRAM
• No COMMON blocks in core routines. COMMON blocks used only in user-defined subroutines, to communicate with external programs as needed (e.g., initialization)
• Input parameters for application programs read from data files through unformatted I/O, with record structure: [value] [comment] on each line. The comment is ignored by the program.
• The physics input to the cross section model (deuteron wave function, nucleon structure functions, residue of deuteron spectral function) is specified by the user-defined routines listed in Sec. V B. The example routines provided in the package can be adapted or replaced by user-supplied routines. The replacement routine should have the same name and argument list as the example (real variables in double precision REAL*8). The communication with the core routines is entirely through the argument list (no COMMON blocks or other channels).
G. Units
All dimensionful quantities (masses, energies, momenta, wave function, spectral function) are coded in GeV units (c = 1). The differential cross section output by TAGCD is in units of nb/GeV 4 . The integrated luminosity input to EVTP is in units of nb −1 . Detailed instructions are given in the comments in the code and the input data files.
H. Limitations
• Longitudinal structure function F LN set to zero in the example code provided. Non-trivial F LN can be implemented by supplying a user-defined F LN in the routine TAGFLN.
• Azimuthal angle dependence of the cross section not yet implemented. Calculated cross section corresponds to average over azimuthal angle φ R (average, not integral!).
I. Third-party content
The nucleon structure functions F 2p and F 2n in the cross section model are calculated using a QCD-based parametrization obtained from global parton density fits. The example code provided uses the parametrizations of Ref. [9] (GRV98). Users should acknowledge the source of these parametrizations in any physics results obtained with the present code.
The method of spectator tagging can be extended to polarized electron-deuteron scattering e D → e ′ + N + X and used to measure neutron spin structure functions and their nuclear modifications. A cross section model based on the impulse approximation can be formulated in analogy to the unpolarized case (see Sec. III). A preliminary model for vector-polarized deuteron is available in a simple approximation to deuteron structure at low recoil momenta (S-state only, no spin-orbit effects) [2] . It can be used for rate estimates and simulations of the on-shell extrapolation of spin observables. Development of a full model is in progress.
The preliminary polarized cross section model is available as an extension of the TAG package. Additional routines:
Core routines TAGPD Deuteron tagged electroproduction cross section, polarized TAGGD Deuteron tagged spin structure function g 1D
User-defined routines TAGG1N Nucleon spin structure function g 1N (required)
Application programs EVATP Tabulate event numbers in measurement of t ′ -distribution of spin asymmetry A (uses auxiliary routine TPMIN)
PDX
Tabulate polarized cross section in x G1NX
Tabulate nucleon spin structure function g 1N
The nucleon spin structure functions g 1N in the polarized cross section model are calculated using a QCD-based parametrization obtained from global parton density fits. The example code provided uses the parametrizations of Ref. [10] (GRSV2000). Users should acknowledge the source of these parametrizations in any physics results obtained with the present code.
